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Long-time limit of rotational segregation of granular media

Boris Levitan
Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot, Israel

~Received 2 September 1997!

We performed simulations of a model for the segregation of a powder mixture in a horizontal half-filled tube
under slow rotation. Fluctuations of the particles’ flux play an essential role in our model. We found that an
initially homogeneous mixture decomposes on a fast time scale into a sequence of domains of the pure
components; this stage is followed by a long coarsening period, with decreasing number of domains. The
coarsening rate increases strongly with the level of the fluctuations. After this stage, at very long times, the
system approaches an equilibrium state, in which the number of bands fluctuates about its mean value. The
obtained results are compared with recent experiments, and a good agreement is found.
@S1063-651X~98!01706-1#

PACS number~s!: 81.05.Rm, 46.10.1z, 62.20.2x, 82.70.2y
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Mixtures of granular materials@1#, unlike those of usua
liquids, segregate easily under various experimental co
tions, in response to macroscopic motion of the mixture@2#.
This effect is important for technology@3# ~in particular, for
pharmaceutics!, presenting an interesting physical problem
the same time. Because of the complexity of the granu
media dynamics, we cannot write a general equation
would play the role of, say, the Navier-Stokes equations
hydrodynamics of Newtonian liquids. Nevertheless, su
common phenomenon as segregation is expected to ha
universal phenomenologicaldescription in different ex-
perimental situations@4#.

One of the situations in which segregation is simple
observe is the rotation of a long horizontal glass tube, h
filled with a homogeneous mixture of two granular spec
~say sand and glass beads!. This system has been studie
experimentally in a number of works@5–7,9,8#. According to
these experiments an initially homogeneous glass-sand
ture is decomposed, in about 100 revolutions~at low rate of
rotation!, into alternating bands, filled predominantly by pa
ticles of sand or glass@7#. Since at low revolution rates th
bulk of the material behaves like a solid body, the dynam
of a thin layer of particles that flow down upon the incline
free surface of the material should play a dominant role
the segregation.

This system was considered theoretically in Ref.@7# for
the first time. The segregation in the rotating tube was
plained there as a diffusive instability, described by the d
fusion equation with a negative effective diffusion consta

]c

]t
52D

]2c

]z2 , ~1!

wherec(z) is the concentration of one of the components
the mixture along the tube’s axisz. In this paper we continue
the theoretical analysis of this system, and consider its lo
time behavior. In order to obtain insight into the underlyi
physical mechanism, we first present the main physical
sumptions leading to Eq.~1!, similar to those of Ref.@7#.

~1! The particles on the free surface undergo avalanc
whenever the surface is inclined with the angle of reposea r .
Let a r

(g) anda r
(s) be the angles of repose for the glass be
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and the sand particles, respectively~in the experiment of Ref.
@7#, a r

(g)'30° anda r
(s)'36°). Then, for the glass-sand mix

ture, a r should vary froma r
(g) to a r

(s), depending on the
relative fractions of the ingredients@10#.

~2! Consider two neighboring cross sections~sites! ‘‘1’’
and ‘‘2.’’ Let the fraction of glass in one of these sites b
greater than in the other,cg

(1).cg
(2), so its repose angle

a r
(1),a r

(2). Naively speaking, the free surface is slightly i
clined from site 2 to site 1. This gives rise to on-surface fl
of particles from sites 2 to 1. More rigorous analysis of th
point can be found in Ref.@7#, where the necessary cond
tions for the validity of this naive argument are discussed

~3! The mobility of the glass particles is greater than th
of the sand~that is because they suffer a smaller friction!,
while the driving~gravity! force is the same. Therefore th
portion of the glass particles in the on-surface flux ishigher
than it would be from their bulk concentration.

~4! In order to retain material conservation, this o
surface flux must be precisely compensated for by back
in the bulk of the material. The sand and the glass particle
this back flux are represented according to their bulk conc
trations. This is unlike their populations in the on-surfa
flux, as described in point~3!.

Thus there is an uncompensated glass flux from site
site 1. This leads to the further increase of the differen
betweena r

(1) and a r
(2) , providing a positive feedback. For

malizing these ideas, one can obtain a diffusion equa
with negative diffusion constant Eq.~1! for the variation of
the fraction of one of the species, that governs the ini
stage of the evolution. Experimentally@7#, it takes about 3–5
min for the system to approach the segregated state,
consists of alternating domains with majority of glass
sand. This sequence of domains is rather steady on a
scale of hours.

The further evolution of this state was recently inves
gated experimentally by Frette and Stavans@9#, who studied
the dynamics of the system to extremely long times~one
month!. It was found that the segregated state evolves v
slowly, such that the number of domains decreases. T
coarseningprocess continues until only few domains rema
A bit more surprising is the fact that starting from the ful
2061 © 1998 The American Physical Society
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2062 PRE 58BORIS LEVITAN
segregated state~the sand on the left and the glass on t
right!, one observes the nucleation of new domains.

These long-time coarsening and nucleation proces
have not yet been analyzed theoretically. While Eq.~1! ex-
plains well the initial stage of segregation, it says noth
about the consequent evolution of the segregated state
this paper we derive and investigate a dynamical equation
the fraction of one of the species on the basis of the ab
described physical mechanism. Our approach is differ
from that of Ref.@7# only in that the fluctuations of flux play
an essential role in our model. It turns out that these fluct
tions constitute the driving mechanism of the late sta
coarsening; if the fluctuations are neglected, the initially s
regated system of domains becomes stable. The subje
interest of Ref.@7# was only the initial segregation, and th
fluctuations were neglected there.

The nature of these fluctuation is the following. A partic
running down on the surface, driven by the gravity forc
scatters on the roughness of the surface and collides with
other particles in the avalanche. Consequently, it can diff
in the transversal direction~along the tube’s axisz). This
would lead to the self-mixing of the powder~instead of seg-
regation!. On the other hand, a spontaneous fluctuation of
glass particles’ concentration leads to correlated inclinati
of the surface in thez direction, that enhance further th
fluctuation~providing the mechanism for segregation!, as de-
scribed above. The competition between the noise-indu
self-mixing with the segregation of the two componen
leads to the long term coarsening of the bands of each o
species.

We turn now to a derivation of the dynamic equatio
based on the physical mechanism sketched above. S
most of our assumptions are the same as in Ref.@7#, our
equation is similar as well. Nevertheless, in order to be c
sistent, we present a brief derivation. Letng and ns be the
number of glass and sand particles at a given site (ng1ns
5n); and letcg,s be the local fractions of the species,cg,s
5ng,s /n. The total number of particles of both types that
from one site to another on the free surface under the
pulse f dt is given by

dn5dng
~s!1dns

~s! . ~2!

The on-surface motion of the particles of the both specie
caused by the same forcef , while they have different mo-
bilities mgÞms . Therefore,

dng
~s!5mgcgf dt, dns

~s!5mscsf dt. ~3!

This ‘‘on-surface’’ flux is compensated for by the ‘‘unde
ground’’ back flux of the same numberdn5dng

(b)1dns
(b)

particles, where

dng
~b!5cgdn, dns

~b!5csdn. ~4!

Using Eqs.~3!, ~4!, and ~2!, one can calculate the resultin
change of the number of the glass particles at a certain

dng5dng
~b!2dng

~s!52mgcgf dt1cgdn

5@2mgcg1cg~mgcg1mscs!# f dt.
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Sincecs512cg , we obtaindng5(ms2mg)(cg2cg
2) f . The

dynamics of the system is governed by the continuity eq
tion

dcg

dt
1

]J

]z
50,

with the flux defined by

J5~ms2mg!~cg2cg
2! f .

Note that, by rescaling the time, one can eliminate the fac
(ms2mg) from the equation. The forcef can be represente
as a sum of its regular and random components,f 5F1h.
As we noted above, the regular partF is proportional to the
gradient of a r . Since a r5a(c), we can write, approxi-
mately,

F5k
]cg

]z
.

Since the on-surface motion consists of separate avalanc
we assume that there are no time and space correlation
h(t); the material conservation requires the following for
of this component:

h~ t !5q
]z

]z
,

wherez is the normalized white noise; the noise constanq
remains a free parameter of our model. Thus we arrive at
following dynamical equation for a deviation of the fractio
from its ‘‘unsegregated’’ valuef52cg21:

]f

]t
52

]J

]z
, J5k~12f2!

]f

]z
1q~12f2!

]z

]z
. ~5!

A similar equation was obtained in Ref.@7#; Eq. ~5! differs
from that equation only by the noise term. We will see belo
that this term is essential for the long-time coarsening beh
ior. In order to obtain a feeling for Eq.~5!, one can represen
it in the form

]f

]t
5k

]2

]z2S ]W

]f D1q
]

]zS D~f!
]z

]zD , ~6!

whereD(f)5(12f2), and

W~f!52
f2

2
1

f4

12
, uf,1u. ~7!

Note that local minima of the ‘‘potential’’W(f), f56A3,
are not physical, because they do not satisfy the condi
uf,1u. This condition is equivalent to infinitely sharp wal
at f561. In our simulations we take care of this effect b
adding to the potentialW(f) the term 1

27 f18; this term al-
most does not contribute foruf,1u but it grows very fast at
ufu.1, such thatf561 become the minima ofW.

Let us discuss briefly the simplest properties of Eqs.~6!
and~7!. The pointf(z)50 is an unstable solution of Eq.~6!,
being a local maximum ofW(f). Linearizing it aboutf
50, we recover Eq.~1!, that governs the initial segregatio
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of the mixture. This instability is saturated whenuf(z)u'1.
The sign off(z) at a given point is determined by the sig
of the small initial perturbation, sof(z) can become quickly
oscillating, flipping between 1 and21 at each point. Of
course, this is an artifact of our model, that operates wit
local fraction in the pointlike cross sections, while the phy
cal quantities~such as the repose angle! depend on the frac
tion averagedover some lengthd of the order of, say, the
radius of the tube. Therefore, a physically correct mo
should replaceW(f) by W„f̄(z)… and D(f) by D„f̄(z)…,
where

f̄~z!5
1

dEz2d/2

z1d/2

f~z8!dz8'f~z!1
d2

3

]2f

]z2 . ~8!

The last term of Eq.~8! gives rise to the ‘‘energy cost’’ for
domain boundaries in the potentialW5W„f̄(z)…, leading to
smooth profiles off(z). Note, however, that the effect o
using f̄(z) instead off(z) is analogous to a cutoff at th
distance;d; this effect is achieved automatically when w
simulate Eq.~8! on a discrete lattice with a lattice constant
the order ofd. Thus, in ourdiscretesimulations of the sys-
tem of equations~6! and~7!, we didnot make use of Eq.~8!.
However, we did keepD5D(f̄) in the noise term. This is
because the discrete scheme givesufu'1 ateachlattice site
in the segregated state; henceD(f)'0. Using D5D(f̄),
we permit relatively large noise near the domain boundar
while the noise almost does not affect the ‘‘bulk’’ of th
domains, whereuf̄u'1.

We simulated Eqs.~6! and~7! numerically on a lattice of
20 000 sites for different levels of noiseq, keeping the other
parameters fixed: the lattice constantd50.1 andk50.1. The
random processz was represented by random numbers, u
formly distributed in@2 1

2 , 1
2 #. We used the simplest explic

scheme with periodic boundary conditions. The results of
simulations confirm the qualitative expectations presen
above. The homogeneously mixed state is fully unstable
accordance with the linear stability analysis. A fast proc
of initial segregation leads to a state whereufu'1, while the
sign of f changes almost at each lattice site.

The consequent evolution depends on the level of no
For q50, we did not observe any dynamics; forq.0 the
initially segregated state evolves slowly~the rate strongly
increases withq), decreasing the number of bands. The tim
dependence~to about four decades of time! of the number of
bands,N, vs log10t is presented in Fig. 1 for two relativel
high values ofq. Saturation at long times is clearly see
Saturation is due to the fluctuations which cause the app
ance of new domains, as discussed above. We have pl
also the experimental results of Frette and Stavans@9# for
comparison. Figure 2 presents the data for smaller value
the noise parameter,q510 and 12. Forq510.0, N(t) de-
creases without saturation until very late times, althou
with a smaller rate, whereas, forq512,N(t) still approaches
a constant at long times. Note that well before saturat
both curves have the same slope. The same plot presents
the data of the experiments by Frette and Stavans@9#, dem-
onstrating good agreement.
a
-

l

s,

i-

r
d

in
s

e.

r-
ted

of

h

n
lso

In order to obtain a visual impression of the coarsenin
process, let us consider Fig. 3, which presents the space-t
diagram of the evolution at an intermediate value of th
noise,q512.0 ~we used a lattice of 200 sites for this run!.
Black lines correspond to the domains withf(z,t).0, while
the regions wheref(z,t),0 are white. The analogous dia-
gram obtained in the experiment~see Fig. 4! looks surpris-
ingly similar to the result of our simulation. Thus our mode
provides a good description of the experiment. The next st
should be a theoretical analysis of Eq.~6!, and particularly
the logarithmic decay ofN(t).

The behavior of the sand mixture in the tube resembl
that of binary liquids quenched into a two-phase coexisten
region, both by the fact of segregation and by the consequ
coarsening process. In this context it is interesting to no
that our equation resembles the Cahn-Hilliard equation, th
describes the segregation of binary liquids. There is an im
portant difference between the two systems, however. Coa
ening of binary liquids is governed by energy reduction an

FIG. 1. Number of domains,N ~in the units of its maximal
value! vs log10t (t in arbitrary units! obtained by our simulation for
two values of the noise,q515 ~full circles! and q513 ~empty
circles!, together with the experimental data@9# ~squares!. The
maximal number of domains at the simulation presented at this p
is ;14 000; in the experiment,;45.

FIG. 2. The same as in Fig. 1 but for smaller values of the noi
parameter:q510 ~full circles! and q512 ~empty circles!; t in ar-
birtary units. Good agreement with the experimental data@9#
~squares! is seen.
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2064 PRE 58BORIS LEVITAN
is independent of the noise, while in the sand mixtures i
governed by the noise induced motion; if it were not for t
noise, there would be no coarsening.

Since there is a nonzero probability of creation of a n
domain, the system finally approaches an ‘‘equilibrium
state, where the number of domains fluctuates about its m
value. The accuracy of the experimental data does not a
one to determine unambiguously whether the saturatio
indeed achieved in the experiment~it starts with 45 bands
and finishes with only about 12 bands!. However, as men-
tioned above, when the initial state is prepared of only o
glass band and one sand band, the appearance of new b

FIG. 3. The space-time diagram of a coarsening obtained by
simulation. The horizontal coordinate represents the tube’s axis
vertical coordinate is time~both in arbitrary units!. The initial do-
main formation takes place at a very short-time scale@of the order
of 1/k; see Eq.~6!#, and is not seen here.
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was found. This means that the equilibrium state could
achieved in an extremely long experiment, similarly to o
simulations.
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FIG. 4. The space-time diagram of a coarsening experimen
Frette and Stavans@9#. This figure is reproduced from Ref.@9# with
the permission of the authors. It is to be compared with our res
presented in Fig. 3.
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